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ABSTRACT

Dynamic hybrid products are innovative life inswrarproducts particularly of-
fered in the German market and intended to meetc@wsumer needs regarding
stability and upside potential. These productsctigacterized by a periodical re-
balancing process between the policy reservestfieepremium reserve stock), a
guarantee fund and an equity fund. The policy resénereby corresponds to the
one also valid for traditional participating lifesurance products. Hence, funds of
dynamic hybrids that are allocated to the poligserges in times of adverse capital
market environments earn the same policy integst determined for the partici-
pating life insurance policyholders and, hencdeast a guaranteed interest rate. In
this paper, we study the fair valuation and riskegion of an insurer offering both,
dynamic hybrid and traditional participating lifasurance contracts. The results
reveal considerable interaction effects betweentie contract types within the
portfolio that strongly depend on the portfolio quusition, thereby emphasizing
merits as well as risks associated with offeringadyic hybrids.

Keywords:. Life insurance, risk measurement, risk-neutrdi&aon, dynamic hybrid, constant
proportion portfolio insurance

1. INTRODUCTION

Dynamic hybrid products are innovative life inswwarand deferred annuity products particu-
larly offered in the German market. The aim of thpsoducts is to meet new consumer needs
by combining the stability of traditional life insance (by means of the conventional policy
reserves) with the upside potential of unit-linksalicies (through investing in a guarantee
and / or equity fund). While the first introducedrsion of this class of contracts (referred to
as “static hybrid”) used a decomposition of thenpitans to ensure the guarantee promised to
the policyholders, dynamic hybrid products use aodéeal dynamic rebalancing of the ac-
count value into two to three different investmebésed on a constant proportion portfolio
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insurance-type strategy (CPPIIhe three typical investments of “3-fund dynamigbiid
products” include the policy reserves, a guarafied (that loses at most a certain percentage
in each period), and a risky equity fund. In pai@ae, in times of adverse capital market envi-
ronments, for instance, funds may be shifted shiontfrom the guarantee fund and the equity
fund to the conventional policy reserves (and heéhegpremium reserve stock), thus earning
the same policy interest rate also credited tdrémditional life insurance contracts, which is at
least the guaranteed actuarial interest rate. Hamresiderable interaction effects can be ex-
pected between the traditional participating lifsurance policies and the dynamic hybrid
products when considering a mixed portfolio, whiclly have a strong impact on an insurer’s
risk situation and also on the fair valuation offboontract types. The aim of this paper is to
comprehensively study these interaction effectd iotus on fair valuation and risk meas-
urement for an insurer with a product portfolio sisting of traditional life insurance con-
tracts and dynamic hybrid products for a specdlzalancing mechanism in depth.

In the early versions of hybrid products, premiunee split in order to meet a certain (e.g.
money-back) guarantee, such that one premium pamvested in the policy reserves and the
remaining part is invested in a risky equity fumdhereby the policy reserves are assumed to
earn at least the minimum actuarial interest Tafbe drawback of this approach is the fact
that only a minor portion of the premiums is avaléafor the investment in risky funds with
upside potential, as the equity fund’s value isiassd to drop to zero in the worst case in one
period, e.g. one month or even one day, which @dnsidered rather unrealistic. Hence,
newer versions of the products used a guarantek funich is equal to the equity fund but
ensures that the guarantee fund value does notose than a certain percentage within one
period. Thus, the premium part invested in theqyoteserves can be relatively lower, such
that policy reserves are partly relieved from hgwim cover the full guarantee promised to the
hybrid contracts. However, to meet a final guaramtiéer more than one period, funds have to
be shifted from the guarantee fund to the policserees in case the guarantee fund has
dropped, which is the starting point for dynamiga#allocating the investment as done in the
case of dynamic hybrid products.

Until recently, the literature has paid only liteé¢tention to dynamic hybrid products, which
are mainly discussed in the non-academic literatur@ there without providing a model
framework or numerical studies. Bettels, Grosnad heitschkis (2011), for instance, indi-
cate that there is a need to analyze interactibaymamic hybrid products with the existing
portfolio of policies to adequately assess the fiskinsurers that are connected to dynamic
hybrid products. In addition to the risk for insisethey point out that since the guarantees in

! See Leland (1980), Rubinstein and Leland (19814, Black and Jones (1987) regarding CPPI mechanism
2 See, e.g., Kochanski and Karnarski (2011) foosendetailed and formal description of these presiuc



the guarantee fund are provided by external investrmompanies, reputational risk may arise
in case these investment companies fail to kedpdharantees. Other qualitative discussions
by actuaries are provided in Menzel (2008) and Sie(2008). Menzel (2008) highlights the
potential risk an insurer would face with dynamybhd products in the portfolio, as the port-
folio of traditional polices sells an option to tpelicyholders of dynamic hybrid products,
whose value may not be negligible. Siebert (20Q§)oses that there are not only risks con-
nected to dynamic hybrid products but also ben&it@n insurance company selling dynam-
ic hybrid products in addition to traditional paéis, as there are positive substitution effects
for both products. Thus, while both articles addnestential interaction effects of a portfolio
of dynamic hybrid products with a traditional ingace portfolio, they do not provide a model
or numerical examples. A model framework for hybewhtracts is presented in Kochanski
and Karnarski (2011), who calculate solvency cépéguirements according to Solvency Il
for static as well as dynamic hybrid products. Tiraplement a partial internal model for a
portfolio of 3-fund dynamic hybrid products incladi a rules-based shifting process to real-
locate the contracts’ account value each monthceSiacus is laid on determining solvency
capital requirements in accordance to Solvencyhiky do not analyze interaction effects
within a portfolio of dynamic hybrid products andditional contracts.

In this paper, we contribute to the literature bglsizing the impact of dynamic hybrid prod-
ucts on the fair valuation and risk assessmenh afisurer with a portfolio consisting of tradi-
tional participating life insurance contracts anymamic hybrid products. We thereby provide
a model framework for the development of a pogbatticipating life insurance contracts and
the accumulation phase of a pool of dynamic hyprmbucts that allows us to study interac-
tion effects between the two types of productseptd. The dynamic reallocation of funds of
the dynamic hybrid products over time is mainlydshen Kochanski and Karnarski (2011),
whereas the surplus distribution mechanism fompibiecy reserves of the traditional contracts
is based on the smoothing scheme in Grosen anéniang (2000). Our findings show strong
interdependencies between traditional participatifeg insurance contracts and innovative
dynamic hybrid products, which can considerablgetfthe fair value of the two products as
well as the insurer’s risk situation. Policyholdefshe two products can either profit or lose
from the portfolio composition and the arising ditbhton effects, depending on the contract
parameters and especially the guarantee leveledffes the dynamic hybrid policyholders,
which strongly impacts the dynamic reallocatiorflofds. In addition, the findings show that
even though the situation is fair from the equitgless’ perspective, this is not necessarily the
case for the two life insurance products, whosseenrevalues vary considerably depending on
the portfolio composition and the choice of inpatameters.



The remainder of the paper is structured as folldsestion 2 presents the model framework
of the insurance company offering participating liisurance policies and the dynamic hy-
brid products including fair valuation and risk rmeeement. Section 3 contains a numerical
analysis and Section 4 concludes.

2. MODEL FRAMEWORK
Modeling the insurance company

We consider a life insurance company with a proghactfolio consisting of traditional partic-
ipating life insuranceRLI) and dynamic hybrid product®KP). Traditional participating life
insurance (traditional guaranteed with-profits pel$) place the contracts’ available funds
entirely and throughout the whole contract ternthi@ actuarial policy reserveBR). In the
case of dynamic hybrid products, the policyholdéuisds are dynamically allocated between
up to three pots, the policy reserves, a guardntes (GF) and an equity fundgF), in order

to ensure the guarantee promised to the policyholde

Table 1 shows the balance sheet of the life in@graompany at time The liabilities side
comprises accounts for the policy reseniR); (synthetically) partitioned in policy reserves
for the participating life insurance contractBR™') and for the dynamic hybrid products
(PR""), accounts for the dynamic hybrid products’ guteanfund GF." and equity fund
EF.", plus an accour, that serves as buffer. Thig,is residually given by the company’s
total assetsA) minus the policyholders’ accounts, iRR, GF" and EF.". For simplification,

B: is not further subdivided into a buffer accountl @aguity. The policy reserves for partici-
pating life insurance products as well as dynamglarid products, i.ePR™ and PR™", are
treated as one account, as their separation irdateounts is conducted to keep track of the
corresponding investment on the asset side (thraipne reserve stock).

Table 1: Balance sheet of the life insurer at tithe

Assets Liabilities
Alongterm PRPLI } PR
Ashortterm PRDHP
GF” GF- AV,
EFA EF"

Bt
A A




The asset side of the balance sheet is structiwddllaws. The company’s total assets are
allocated to two different groups of investmenig fund investments for the dynamic hybrid
product policyholders (the guarantee fu@g* and the equity fundEF.*), which are the off-
setting items toGF," and EF," on the liabilities sidé,and the remaining assets, hereafter re-
ferred to as “company’s assets”.

Even though policy reserves of the participatirig insurance and dynamic hybrid products
on the liabilities side are treated equally, there&sponding assets cannot be handled alike,
since maturities differ considerably. Unlike thdipp reserves of participating life insurance
contracts that have to and can be invested fotagiviely long period of time, funds in the
policy reserves of the dynamic hybrid product mighty be available in this account for a
short period, until they are shifted to the guagarfund or the equity fund. Therefore, we as-
sume that the company’s assets are split into éongiinvestmentsA*®*™ and shortterm
investmentsA™"“™, whereby the buffer account is also assumed tonested shortterm
due to its smoothing characteristics over time.

To be able to distinguish between the beginningthadnd of a period, we use “+” and “-" to
denote the period’s beginning and end, respectitédynce, at = 0", i.e. at the beginning of
the first period,B, is filled up by an initial contribution of the cqrany’s owners. Analo-
gously to the policyholders, we do not assume @&rrlayments from the equityholders during
the lifetime of the company. Furthermore, equitgdeot are not able to withdraw funds from
the company until liquidation at tinie at which they receive an interest-bearing payhmck
their initial contribution, in case the companyisils are sufficient to cover the policyhold-
ers’ liabilities. At the end of the considered tilmarizon, i.e. at tim&@ ~, policyholders hold-
ing a traditional participating life insurance c@ut receive their final sum insured including
their surplus participation, while policyholderstiva dynamic hybrid product are paid out the
sum of their three pots, i.e. their final accounalue at the end of yeafl
(AV2"™ = PR +GF" +EF"). In addition, policyholders of both contractse®e a termi-
nal bonus. In the present analysis, focus is oaig bn the accumulation phase, while the
payout is assumed to be a single lump sum paymstdad of a lifelong annuity.

Furthermore, policyholders pay their single premsift' andP°H"
reserves of the participating life insurance carit®f

resulting to initial policy

PR)PJ—I - PPLl '

% For the insurer, these accounts are not riskitiggaas market risks are fully carried by the pyfialder.

However, the default of a guarantee fund wouldesent a reputational risk for the insurance company



and an initial account value of the dynamic hylmidducts of
DHP _ pDHP
AV =PI

The distribution of funds inAV"™ to PRY™, GF and EF is laid out in the subsequent
section. To focus on interactions of the two pradypes within a life insurer, the contract
termT is assumed to coincide with the lifetime of thesidered insurance company.

Development of assets
At the beginning of periot the company’s asset investments are thus given by

'%Ii)ngterm — PRI?LI ,
A;hortterm — PRt?HP + Bt+ ’
GF =GF!,

EF/ =EF!.

We assume that the guarantee fund evolves analggtmushe equity fund except for the
downside protection (see also Kochanski and Kakna?911). Hence, there are three types
of investments, including longterm investments esponding to the policy reserves of the
traditional participating life insurance contracthprtterm investments that correspond to the
part of policy reserves that arise from the dynahybrid products and the buffer, and the
equity fund. These three investments are all asdutbesvolve according to a geometric
Brownian motion given by the following stochastifferential equation,

d =4 0/ @t+0 0, [@W, =123,
with constant drift4 and volatility i, P-Brownian motionsdW,| defined on the probability

space(Q,.#,P) with the linear correlationsiV\/tf EjVVtF] =0 ;- The solution of the equation
results to (see Bjork, 2009)

I} = Ié@xp((ui —%vijﬁﬂwi th?j-

At the end of period, the asset items are thus given by

1
longterm _ A\Iongterm E!Hm
- = + 1 !
t+At) t
t



2
shortterm _— Ashortterm t+At
- - + 2 )
t+At) t |
t
3

A —_ A t+At
EF(t+At)' - EFF |t3 '

3
GF” _=GF? l__ﬁnax( -y EI—Tsmj

(t+at)” )

where the development of the guarantee fund ismated by a fractiory of the performance

of the equity fund, since the downside protectias ko be financed. In particular, we can
show that in the present setting, the fracifas constant over time for a given set of parame-
ters A, ry, gz and At and thus independent of the current value of therantee fund, as we
assume that a put option on the equity fund witbeg?; and a strike pric¢l-A)[GF " with

0< A <1 is used for the downside protection (alternativalyguarantee fund can also be se-
cured by a constant proportion portfolio insura(C@Pl)-based strategy). In particular, only
a fraction of the guarantee furwl]Bth with 0< y<1 can be invested in the equity fund, as
the put option priceR :(1— y) EBth has to be paid for hedging the downside risk. pae
option priceP; can be calculated via the Black-Scholes formulacivis given by

R = (1-A) [BF2 [exp( -1, [At) ®(d,) - y[GF " [®(d, - o,W/At)

(1-2)©F?! 1 1-2 1

In ~ 74t - r —*RTZ At i [ I 2

d, = ( yIGF! ] (f 2 3j _In( y] (rf 2W3jw
l_ .

o, /At o, /At

Hence, the available funds in the guarantee furtidnatt™ can be split into an investment in
the equity fund and the payment for the put optresulting in

GF/ = y[GF " +R = y[GF  +(1- 1) [GF* [exp(-r, () @ (d,) - y [GF @ (d, - o, /At ),
which can be rewritten as

1= y+(1—)l)[da~X|c(—rf mt)BlD(dl)—yED(dl—ng/E) :

The latter equation is thus independentGFftf for a given set of parameters and must only

be solved once foy using a root-finding algorithm (a depends oly as well), which con-
siderably simplifies the further simulation anagysi



The total assets amount of the balance sheet élsu$is to
— plongterm shortterm A A

Attmt)’ B Alum)’ * Attmt)’ * EF(HAt)’ + GF(HAt)’ '

Development of liabilities

On the liability side, all policy reserves are aaltyicompounded with a policy interest rate
r.” that in the following is assumed to be based oms@n and Jgrgensen (2000) (but can as
well be replaced by other smoothing mechanisms raBpg on the regulatory rules of the
respective country),

rP = max{rG aEE X - D
t ! PLI DHP !
PR™ + PR

wherer®is the guaranteed interest rateis the annual surplus participation rate asis the
buffer ratio, which must be exceeded in order tovakurplus participation. The policy inter-
est rate must not only be ensured for the traditigarticipating life insurance contracts, but
also for the part of funds of the dynamic hybridgucts that is allocated to the insurer’s poli-
cy reserves at time In case of the participating life insurance caats, the policy reserves in
each period are thus increased by

PR = PR fr+r”).

A 3-fund dynamic hybrid product invests not onlypalicy reserves, but also in an equity
fund and a guarantee fund, whereby the latterusvatent to an equity fund with a hedge that
ensures a maximum loss #fpercent within one period. In contrast to the ipgrating life
insurance policies, where the policy interest ratguaranteed, we assume that the dynamic
hybrid policyholders are guaranteed a fractiaf their single up-front premium,

GtDHP =GP = x[P°HP [t D{O’]__lZ oo ,T},

whereG""" denotes the account value needed at titneensure that the guarantee can be met
and which may vary depending on the concrete ptadiegign. Hence, for = 1, the customer

* Note that the amount of surplus participatioridgfly depends on how prudent the insurer calcalatemi-

ums — when taking into account mortality risk awdts, surplus is increased by means of the mariafid
the cost result, which comes in addition to theestment result (see, e.g. Bohnert and Gatzert |2f@t2
studies regarding different surplus appropriaticimesnes and their impact on an insurer’s risk siingt



obtains a money-back guarantee. In case the gearanhthe end of each peri@f,, can be

fulfilled by the guarantee fund only, the dynamibhd products’ funds are distributed be-
tween the guarantee fund and equity fund. Theibligton of the account valuav.>™ to the
policy reserveE’R'?”P, the guarantee fur@l:t+L and equity fundEFt+L is based on Kochanski
and Karnarski (2011) and givenby

GEY -(L- ATV e
PR{?HP = (1+ rG)At _1+/] (1_A) m\/tE)HP
0, otherwise
DHP DHP GtDZF
AV — PROWP : >1
GFi=| A=A Ry
t GPHP
A otherwise
1-A

EFtJ__ = A\/tPHP RDHP GFL

In what follows, we consider a family of identicafund dynamic hybrid products where
funds are reallocated every period.

In sum, liabilities at the end of perida@re thus given by

PRT - = PRT [f1+17)",
PR = PR ff1+17)",

L A
GF(’( ) GF(’( +nt) !
L A
EF(t +At) EF(t +At)” "

The buffer at the end of a the periad calculated by
— _ PLI  _ DHP L _ L
B(t+At)’ B Alum)’ PR(HAt)’ P t+at)” GF(t +4t) EF(HAt)’ '
The company is insolvent, if the assets are ndicserfit to cover the liabilities, i.e. if

<0.

(t+at)”

> This mechanism invests the maximum proportiorihef account value in the equity fund (and guarantee

fund) along with ensuring that the guarantees tilirbe met. While this is a common system in tharket,
there are also different approaches aiming to loaldhe tradeoff between the number of shifts,tiansac-
tion costs, and upside potential (high proportioedquity funds), which thus imply varied risk pies.
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In this case, the remaining funB§ are assumed to be paid out to the policyholder®las
lows by taking into account the investment in tlodiqy reserves over the contract term (as
“surplus” is generated by these means and sincandinhybrid policyholders still receive
their investment in the guarantee fund and thetedumnd), i.e.

/At t/At
PLI Iongterm shortterm PLI PLI + DHP
Ft At)” 1 C [éplmm t+At ) R( k+1) At /( R((k+1)|zm)’ PR((kn)mr)j

and
RF DHP — 1 C Iongterm shortterm t S DHP t/At PLI DHP
Att+At t+At % k+1)mt)” % k+1)mt)” R( k+1)mt)”
A A
+GF(t+1)’ + EF(t+1)’ !

respectively, if the policy reserves are positaeg wherec represents the costs of insolven-

cy.l

At maturity T, the remaining buffer is distributed among policlgers and equityholders,
whereby the equityholders first receive a buffeyli@k of

BP_ = max( min(B.. B, [{ 1+b)) ()

which includes a buffer interest rabepaid on their initial investment. The policyholdee-
ceive the remainder as an (optional) terminal bofigls = max( 0B, - BPT_), which analo-
gously to the remaining funds in case of defau#tasumed to be distributed betwé#r and
DHP contracts as follows:

T/At T/At

e T, 3R, /| e, eRi |
T/At T/At

B> =TB Dz PR(DHP (Z F>R(';§M 'i;f j :

if the policy reserves are positive, and zero dtsnce, the total payouts to the participating
life insurance and dynamic hybrid policyholders gireen by

VP = (PR +TBIM )T, > T} + RE™ 1T, =t}

® See also Grosen addrgensen (2002) for an analysis of early defaittgubarrier options.
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and
VPR = ( AV +TBR ) 0T, > T} + REPH 0T, =1},

respectively, where the account value if given Ay >"" = PR +GF- + EF- andTs de-
notes the time of default with, = inf {t: AT 4 pSOTE PR_}, t=1..T.

Fair valuation and risk measurement

To ensure a fair situation for the equityholdeng, buffer interest rate is calibrated such that
the value of the payout to equityholders is eqaaheir initial contribution, i.e.

B, =E°(BR_ 2" ),

0

whereE® denotes the expected value under the risk-nepticihg measure€ andr; is the
constant risk-free interest rate. Under the risktreé measur&), the drift of the investment
processes changes to the risk-free rate (see E009).

For the fairly calibrated, the present values from the participating lifeurance and dynam-
ic hybrid policyholders’ perspective are given by

PV = B9 (PR +TB )™ 0fT, >T} )+ E° (RE™ @™ fT, =1})

and

PV = E°(( AV + B )" 0T, > T} )+ E° (RF¥ 2 1T, =1}),

respectively, which in case of a fair situation palicyholders should be equal to their initial-
ly paid single premiums. We further calculate thertfall probability under the real-world
measure® as

SP=P(T,<T),

whereT_ =inf {t: AT 4 pTtEm < PR’t} t=1,..T.
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3. NUMERICAL ANALYSIS
Description of input parameters
The following section presents numerical resultseldaon the model laid out in the previous

section. The input parameters are summarized ifteTalnd serve to illustrate central effects.
They were further subject to sensitivity analydasparticular, we assume one period to be

one month, i.e. the time horizon Bfyears is subdivided witiht =1/12. Results are generat-
ed based on Monte Carlo simulation using 50,00Qukition runs and latin hypercube sam-
pling to reduce variance. In the following, we partarly study the fair valuation and risk

measurement for different input parameters andingrgortfolio compositions (in terms of

the single upfront premium) in order to identifysgible portfolio substitution and risk trans-

fer effects.

Table 2: Input parameters for the numerical analyses

Single premiums of participating life insurance aots pPt 100
Single premiums of dynamic hybrid products PPHP 100
Contract duration T 10
Guarantee of dynamic hybrid products X 1
Initial buffer B, 6
Guaranteed interest rate (p.a.) r® 0.0175
Surplus distribution ratio a 0.3
Target buffer ratio y 0.1
Costs of insolvency c 0
Drift of longterm investments 7 0.045
Volatility of longterm investments o1 0.04
Drift of shortterm investments Lb 0.035
Volatility of shortterm investments o 0.03
Drift of equity fund 15 0.08
Volatility of equity fund a3 0.2
Linear correlation of longterm and shortterm invesits P12 0.2
Linear correlation of longterm investments and ggiund O3 0.2
Linear correlation of shortterm investments andityqund P23 0.2
Maximal loss of the guarantee fund per period A 0.20
Risk-free interest rate re 0.03
Length of a period At 1/12
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The impact of the guaranteed interest rate on fair values and shortfall risk

The impact of the guaranteed interest rétis exhibited in Figure 1 for different portfolio$
participating life insurance contracts and dynaimmyjbrids (only participating life insurance
contracts in the first row; equally weighted innterof the single up-front premium in the sec-
ond and third row) and different guarantees fordjpgamic hybrid (money-back guarantee in
second row; guarantee equals 50% of the singleiprenm the third row). In the right col-
umn of Figure 1, the fairly calibrated buffer irgst rates are shown (from the equityholders’
perspective), and the left column exhibits the egponding present values of the participat-
ing life insurance and dynamic hybrid contractdt (leaxis) along with the corresponding
shortfall probability of the insurer (riglytaxis).

The right graphs in Figure 1 show that the fairfuinterest ratd (to be paid to the equi-
tyholders) increases (along with an increasingtéhbrisk) if the guaranteed interest rate is
raised. However, even though all contracts in Fegurare fair from the equityholders’ per-
spective, they are not necessarily fair from thikcgbolders’ viewpoint as shown in the left
graphs. While the participating life insurance caaots are approximately fair if dynamic hy-
brid contracts are not sold by the insurer (fisst/1in Figure 1 where the premium by the dy-
namic hybrid policyholders iB°"" = 0), they are no longer fair in case of a mixedtfplio
(second and third row), i.e. as soon as dynamicithylontracts are offered in addition to the
participating life insurances.

In particular, in case of a fair situation for baiblicyholders and equityholders, the present
value of each contract type should be equal tetmeesponding initial single up-front premi-
um, which in the second row is 100 in case of lptiducts, for instance. In this setting, the
two types of contracts would be fair from the pglolders’ perspective (i.e. present value =
100 for both contracts) for a guaranteed rate pi@pmately 2.4%, i.e. where both curves
intersect. Therefore, to ensure fair contractssfmreholders and both groups of policyhold-
ers, a corresponding optimization problem would pose three objective functions and re-
quires a sufficient number of variable input partergeto solve this problem.
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Figure 1: Present values of the participating life insuseaad dynamic hybrid contracts with
corresponding insurer shortfall risk (left colunia) different portfolio compositions and dy-
namic hybrid guarantees when varying the guarariteecest rate and given fair buffer inter-
est rates (right column, equityholder perspective)
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Figure 1 thus demonstrates the strong impact dtidieg dynamic hybrid products in the
insurance portfolio on the present value of pgstiting life insurance contracts and on short-
fall risk for the considered rebalancing mechanigrmhereby the effect also depends on the
guarantees™" promised to the dynamic hybrid policyholders. &rtizular, one can observe
in the middle left graph (where a money-back-gu@arns embedded in the dynamic hybrid
contracts) that for an increasing guaranteed isterae, the value of the dynamic hybrid
product increases, while the present value of #réigipating life insurance policies decreas-
es. However, the present value of Bids lies above their initial premium of 100, which is
most pronounced for low guaranteed interest ratbde DHPs exhibit a present value well
below their initial payment. At the same time, #tortfall probability is higher in the second
row (especially for higher guaranteed interestsjates compared to the case withBuPs
(first row).

Hence, the decrease in the present valueLdé$ (from a higher level than 100) is caused by
the inclusion of dynamic hybrid products. This daexplained when looking at Figure 2,
which shows the average monthly partition of theoant value AV) of the dynamic hybrid
product over the contract term, i.e. the amountir@ncial resources invested in the three
funds (given fair contracts from the equityholdepgrspective). The left and right column
shows the partitioning for a guaranteed interett cd r® = 1.0% and 2.5%, respectively,
while from top to the bottom, different guarantdes the dynamic hybridG°™" are dis-
played.

As can be seen in the first row of Figure 2, whePE” = P°"" a higher guaranteed interest
rate as shown in the right graph implies that afterfirst periods, fewer funds need to be al-
located to the policy reserves to ensure the gtegafsee also the formula for the dynamic
reallocation, which depends on the guaranteed.rAtelhe same time, a larger part can be
allocated to the guarantee fund and the equity,fuinich in turn increases the upside poten-
tial regarding the average expected payoff fordiieamic hybrid policyholders. However,
the shortfall probability of the company as a whiolereases due to the higher guarantee also
promised to the participating life insurance pdholders. This is also influenced by the fact
that the allocation of funds of dynamic hybridstihe policy reserves typically happens in
times of low market returns, which makes it difficior the insurer to generate the necessary
guaranteed interest rates by investing in the ahpiarket. Hence, in these times, more mon-
ey is shifted to the policy reserves and needsito at least the guaranteed rate, which is par-
ticularly difficult with shortterm investments. bBddition, as soon as the guarantee is credited
to the policy reserves, it becomes part of the gut@e, which also increases the shortfall risk.
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Figure 2: Average partition of the dynamic hybrid productaunt value into the three funds
(equity fund, guarantee fund, policy reserve) a¥er contract term for different guaranteed
interest rates and different dynamic hybrid guaastgiven a fair situation from the equi-
tyholders’ perspective
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As Figure A.1 in the Appendix shows, shortfall mginccurs in the first contract periods,
where not only participating life insurance, buscaldynamic hybrid policyholders are still
heavily invested in the policy reserves (see Figyrérst row), which means that in case of
default, the remaining funds of the company ar&itised almost evenly between participat-
ing life insurance and dynamic hybrid policyholdensereby the latter group additionally
obtains the guarantee fund and equity fund (whiehret subject to default in the present
setting). Hence, on average and in terms of theeptevalue, dynamic hybrid policyholders
profit from the tradeoff of a higher return in teense of an increasing present value (which,
however, is still not fair and still below theiritial premium payment) and higher shortfall
risk in case of a higher guaranteed interest rak@le the present value of participating life
insurance policyholders is decreasing in the trid@dich would not be the case without
dynamic hybrids in the portfolio, see first rowkigure 1), but exhibits an overall higher val-
ue as compared to the case without dynamic hybfidss, the situation for participating life
insurance policyholders improves in the consideregimples, but is deteriorating for increas-
ing guaranteed interest rates.

However, this picture changes when reducing theagueed sum insured of the dynamic hy-
brids fromx = 1 tox = 0.5 (of the initially paid up-front premiufP"") as shown in the third
row in Figure 1 and the third row in Figure 2. histcase, the present value of the participat-
ing policies even slightly increases, while the ayic hybrid products exhibit a decrease
when increasing the guaranteed interest rate. iBhisue even though only a very small
amount of the dynamic hybrid funds is allocatedh® policy reserves (since the guaranteed
sum insured of the DHPs for the most part can berea by the guarantee fu@F without
need of the policy reserves). While the policy ress are thus hardly affected by theiP
products and, thus, there is almost no effect ant&l risk as compared to the case where no
dynamic hybrids are sold (first row in Figure Metshortfall probability still increases for
higher guarantee interest rates. Hence, in casedefault (which is triggered by the partici-
pating life insurance contracts), participating lihsurance policyholders obtain the vast ma-
jority of the remaining funds due to having beevested in the policy reserves, while dynam-
ic hybrid policyholders only receive their curreiues of the guarantee fund and the equity
fund. Hence, for lower dynamic hybrid guaranteess the participating life insurance poli-
cyholders who profit from the tradeoff between r&sid return in case of default in terms of
an increasing guaranteed interest rate, which ®gd to what we observed in the second
row of Figure 2. However, participating life insaca contracts still exhibit a higher present
value than their premium payment of 100, while agitahybrid policyholders are again be-
low that value for the considered input parameters.
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The impact of the surplus participation rate on fair values and shortfall risk

Looking at the impact of different surplus partetijon ratesa in Figure 3, one can see that
the fair buffer interest rates and the shortfatiqability are increasing for increasing surplus
participation rates, but that this effect is mueksl pronounced as in case of the guaranteed
interest rate. Furthermore, in contrast to the chsecreasing the guaranteed interest rate, the
present value of the participating life insuranoatecact is higher when including dynamic
hybrid contracts in the portfolio (second and thiogv in Figure 3) and increasing for higher
surplus participation rates, while the present @atithe dynamic hybrid product is decreas-
ing (particularly in the second row in Figure@"" = 1.0P”""). This can be explained by
the fact that the mathematical algorithm for thalloeation of funds in case of the dynamic
hybrid products is based on the guaranteed intesesonly, which is constant, while the sur-
plus participation rate (only) contributes to al@greturn earned on investments in the policy
reserves. Hence, the partition of the dynamic liybrnds and the total dynamic hybrid ac-
count value remains almost unchanged when incrgdabie surplus participation rate for a
given dynamic hybrid guarantee (see Figure 4).

At the same time, the average policy reserves @fptirticipating life insurance policies in-
crease considerably due to the increase {gee solid black line with stars in Figure 4, com-
pare left and right column), which, associated wiith lower shortfall risk as compared to the
higher guaranteed interest rate (see Figure AtBarAppendix), contributes to an advantage
of the participating life insurance contract as aggd to the dynamic hybrid. Thus, while par-
ticipating life insurance policies are at a disattege in the tradeoff between higher return
and higher risk when increasing the guaranteeddsteaate (but still exhibit a positive net
present value), they profit in case of the annugplsis participation rate. When reducing the
guarantee level promised to tBéiP policyholders taG°" = 0.5P°"", Figure 4 shows that
as in Figure 2, almost no funds are distributetheopolicy reserves, implying that the situa-
tion remains almost unchanged and only slightlyrowpd for the participating life insurance
policyholders (see third row in Figure 3).
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Figure 3: Present values of the participating life insuseaaad dynamic hybrid contracts with
corresponding insurer shortfall risk (left colunia) different portfolio compositions and dy-
namic hybrid guarantees when varying the annugllgsirparticipation rate and given fair
buffer interest rates (right column, equityholdergpective)
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Figure 4: Average partition of the dynamic hybrid productaunt value into the three funds
(equity fund, guarantee fund, policy reserve stanlgr the contract term for different annual
surplus participation rateg and different dynamic hybrid guarantees givenia dauation

from the equityholders’ perspective
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The impact of the portfolio composition on fair values and shortfall risk

We next focus on the impact of different portfatiempositions by varying the premium vol-
ume of participating life insurance and dynamicrylzontract as shown in Figure 5 in order
to identify further portfolio substitution and riskansfer effects. We thereby fix the total pre-
mium volume to 200 and only vary the single premifithe dynamic hybrid contrace*",
such that the premium of the participating lifetirnces is given by™' = 200P°"".

Figure 5: Present values of the participating life insueaaad dynamic hybrid contracts with
corresponding insurer shortfall risk (left columwhen varying the portfolio composition
(P™ = 200P°"P) and given fair buffer interest rates (right colyrequityholder perspective)
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Figure 5 shows that both contract types are apprataly fair, as the present value of the
payoff approximately equals the respective premiubespite this fact, the shortfall probabil-
ity varies substantially for different portfolio mgositions. Hence, increasing the portion of
the dynamic hybrid contracts in the portfolio finstplies a decrease in the shortfall risk, until
the portion of dynamic hybrids B°"F = 125, which constitutes a minimum. Increasing the
portion of DHPs above this level leads to an increase in shonifkI

Hence, there is an optimum regarding the shontiiadbability in the given setting, which is
due to substitution effects. In particular, thetféitat the funds of the dynamic hybrids
invested in the policy reserves (which depend @ndize of the guarantee promised to the
dynamic hybrid policyholders, see e.g. Figure & always at least compounded with the
same policy interest rate credited to the parttangalife insurance policyholders’ account

" Note that in case of fair contracts, the lineshef present values of both products should betlgxagear in

the premium volume.
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implies that dynamic hybrid products profit frometlongterm investments that are possible
due to the longterm commitment of participating lihsurances, even though they are only
invested shortterm in the policy reserve. In additifollowing the mathematical algorithm,
funds are typically shifted to the policy reseniastimes of an adverse capital market
environment in order to ensure the guarantee peamis the dynamic hybrid contracts.
Hence, as the policy interest rate paid to thecpaleserves is the same for both contract
types, at least the guaranteed rate must be cowgréde insurer, which may be especially
difficult to achieve in times of low market inteteates, where the guaranteed rate may even
be higher than the risk-free rate (see Menzel, 28bert, 2008). This represents an option
granted to the policyholders of ti#HPs and the corresponding risk should be accounted for
by an insurer, whereby the value of the option alepends on the amount shifted to the
policy reserves (and thus the guarantee promiseletalynamic hybrid policyholders in the
first place). In addition, in case funds in theipplreserves from dynamic hybrids are not
invested shortterm but longterm, hidden reserveg maae to be realized if funds are shifted
from the policy reserves to the guarantee fund quitg fund (see Siebert, 2008).
Furthermore, liquidity risk may arise if the CPRisled strategy requires a frequent rebalanc-
ing, especially in times of market turbulences,aithinay imply that assets are not as liquid as
assumed (see, e.g., Rubinstein and Leld®81). The different guarantees and options as
well as associated risks can be reduced by thean&y adjusting the dynamic reallocation
procedure, introducing, e.g., limits in regardtie amount shifted between guarantee fund to
policy reserves and vice versa or dependent orstitek market environment (see Siebert,
2008).

4, SUMMARY

This paper assesses the fair valuation and risdssaggent associated with an insurer’s portfo-
lio that consists of dynamic hybrid policies andtiggating life insurance contracts. The
paper thus contributes to the literature by takheginsurer’s perspective in that the portfolio
interaction effects by the two products are comensively studied. Toward this end, we pre-
sent a model of a life insurer who offers both g/pé contracts. The considered 3-fund dy-
namic hybrid account value is thereby periodicadigllocated between the conventional pre-
mium reserve stock (corresponding to the policemess), a guarantee fund (which loses at
most a certain percentage of its value in eactoggriand a risky equity fund, following a
mathematical algorithm that is based on the conakepbnstant proportion portfolio insurance
(CPPI).

Our results emphasize that there are strong interaeffects between the two product types,
especially as funds allocated to the policy reserarn the policy interest rate actually deter-
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mined for the participating life insurance policydhers and, hence, at least a guaranteed inter-
est rate. Even though contracts are calibratecetéaio from the equityholders’ perspective,
the contracts are not necessary fair for the téeoitisurance products, whose present values
strongly depend on the portfolio composition anel thoice of input parameters. In particu-
lar, one main finding is that increasing the gutgad interest rate on average (in terms of the
present value) implies an increase in the presaloievior the dynamic hybrid policyholders,
as they profit from the tradeoff between a higletum and a higher shortfall risk. However,
in the considered examples, their present valliegstierally stays below their initial premi-
um payment. Participating life insurance policylerk] in contrast, lose in the described
tradeoff as for increasing guaranteed rates, thsegmt value decreases, which is not the case
without dynamic hybrids in the portfolio, where thiesent value remains approximately con-
stant in case of a fairly calibrated equityholdgerest rate. However, they can also gain from
including dynamic hybrid contracts in the portfoliothat the present value of their contracts
may stay above their single up-front premium, eNenis decreasing for higher guaranteed
interest rates. Our findings also emphasize thatrtteraction effects depend on the guarantee
promised to the dynamic hybrid policyholders, whiohy be a money-back guarantee or less
(or more). In addition, while participating lifesarance policies are at a disadvantage in re-
gard to the tradeoff between a higher return ahwlaer risk in case of increasing the guaran-
teed interest rate, they profit in case of incregghe annual surplus participation rate in the
sense of an increasing present value, while dynéylicid policies show a reduction in the
present value of futures payoffs.

Furthermore, as for a lower fraction of participgtiife insurance contracts in the portfolio,
less longterm investments can be made since dyrtaybrad funds are in general not invested
longterm, the investment return generated by tlarer’'s assets decreases and the shortfall
risk increases, as the guaranteed rate is moreulifto be covered. However, this is only
true for low fractions of traditional life insuraeg in the portfolio, as including dynamic
hybrid contracts can also help reducing shortfk,rin particular since dynamic hybrids
feature lower overall guarantees. In the examptessidered in the numerical analysis, for
instance, the minimum shortfall risk is approxinhatechieved for an approximately equally
weighted portfolio of participating life insuranesd dynamic hybrid products (in terms of
the single up-front premium). In future researalrtHer analysis is necessary regarding the
interdependencies observed in a portfolio withedtéht contract types, e.g. with respect to the
capital market environment and interest rate dyoaihe impact of transaction costs as well
as variations of the rebalancing mechanism, whachle used to adjust the risk-return profile
of the dynamic hybrids. In addition, the impactnobdrtality risk and management rules re-
garding assets and profit participation on portf@ffects could be studied to identify further
interaction effects.
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Figure A.1: Number of shortfalls per period correspondinghis situation in Figure 2
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Figure A.2: Number of shortfalls per period correspondingigure 4
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